In this paper, we establish some integral mean estimates for
INTRODUCTION AND STATEMENT OF RESULTS
Let P (z) be a polynomial of degree n and P (z) be its derivative. If P (z) has all its zeros in |z| ≤ 1, then it was shown by Turan [9] that
Inequality (1) is best possible with equality for P (z) = αz n +β, where |α| = |β|. As an extension of (1) Malik [8] proved that if P (z) has all its zeros in |z| ≤ k where k ≤ 1, then
Aziz [1] obtained a generalization of (2) in the sense that the right hand side of (2) is replaced by a factor involving the integral mean of |P (z)| on |z| = 1.
In fact he proved that if P (z) has all its zeros in |z| ≤ k, k ≤ 1, then for each r > 0, Aziz and Shah [3] generalized (3) in a different direction and proved that, if P (z) = a n z n + n υ=μ a n−υ z n−υ , 1 ≤ μ ≤ n, is a polynomial of degree n having all its zeros in |z| ≤ k, k ≤ 1, then for each r > 0,
In this paper, we shall also consider the class of polynomials P (z) = a n z n + n υ=μ a n−υ z n−υ , 1 ≤ μ ≤ n, having all zeros in |z| ≤ k, k ≤ 1, and thereby obtain certain integral inequalities for these polynomials. As we will see our results not only generalize and refine the inequalities (1), (2) , (3) and (4), but also a variety of interesting results can be deduced from these by a fairly uniform procedure. More precisely, we prove the following results:
degree n having all its zeros in |z| ≤ k, k ≤ 1, then for every real or complex number β with |β| ≤ 1 and for each r > 0,
where
and
The result is best possible and equality in (5) holds for
n μ , where n is a multiple of μ.
If we do not have the knowledge of Min |z|=k |P (z)|, we obtain the following result which is a special case of Theorem 1.
The result is best possible and equality in (7) holds for
μ n a n−μ an ≤ k μ , which can also be taken as equivalent to s μ ≤ k μ . Hence inequality (7) is an improvement of inequality (4) .
Since |P (e iθ )| ≤ Max |z|=1 |P (z)| for 0 ≤ θ < 2π, the following result easily follows from Theorem 1.
where m and A μ is as defined in Theorem 1. The result is best possible and equality in (9) holds for
If we let r → ∞ in (9) and choose argument of β with |β| = 1 suitably, we get
Inequality (10) is best possible and equality holds for P (z) = (z μ +k μ ) n μ , where n is a multiple of μ.
It can be easily verified for example by the first derivative test that the function
is a non-increasing function of x where k ≤ 1. If we combine this fact with Lemma 5 (stated in section 2), according to which A μ ≤ k μ , we get
which is a generalization of a result due to Govil [6] . Remark 2. Inequality (11) was also proved by Aziz and Shah [3] .
Finally, we use Holder's inequality to establish the following result which is a generalization of Corollary 2 and also provides a refinement of a result [4, T heorem1.3] due to Dewan, Mir and Yadav. 
where A μ is defined by (6).
If we take β = 0, we get the following result. 
where A μ is defined by (6) . Remark 3. Since we have from Lemma 5 (stated in section 2),
This result was proved by Dewan, Mir and Yadav [4] .
LEMMAS.
For the proof of these theorems we need the following lemmas.
degree n having all its zeros in |z| ≤ k, k ≤ 1, and q(z) = z n P (
The above lemma is due to Aziz and Rather [2] .
υ is a polynomial of degree n having all its zeros
where m = Min |z|=k |P (z)| and q(z) = z n P (
z
). The above lemma is due to Dewan, Singh and Mir [5] . Lemma 3. The function
where k ≤ 1 and μ ≥ 1, is a non-increasing funcyion of x. Proof. The proof follows by considering the first derivative test for s μ (x).
Lemma 4.
If P (z) = a n z n + n υ=μ a n−υ z n−υ , 1 ≤ μ ≤ n, is a polynomial of degree n having all its zeros in |z| ≤ k, k ≤ 1, and q(z) = z n P (
Proof. By hypothesis, the polynomial P (z) = a n z n + n υ=μ a n−υ z n−υ , 1 ≤ μ ≤ n, has all its zeros in |z| ≤ k, k ≤ 1. If P (z) has a zero on |z| = k, then m = 0 and the result follows from Lemma 1. Henceforth, we assume that all the zeros of P (z) lie in |z| < k, k ≤ 1, so that m > 0. Since m ≤ |P (z)| for |z| = k, therefore, if λ is any real or complex number with |λ| < 1, then
Since all the zeros of P (z) lie in |z| < k, it follows by Rouche's theorem that all the zeros of P (z) − mλz n k n also lie in |z| < k, k ≤ 1. Hence by Guass-Lucas theorem, the polynomial
also has all its zeros in |z| < k, k ≤ 1, for every λ with |λ| < 1. This implies
Because if (23) is not true, then there is a point z = z 0 with |z 0 | ≥ k such that
, so that |λ| < 1 and with this choice of λ, from (22), we have
where |z 0 | ≥ k, which contradicts the fact that all the zeros of
k n lie in |z| < k, k ≤ 1. Now, we can apply inequality (15) of Lemma 1 to the polynomial
Since for every λ with |λ| < 1, we have
and |a n | > m k n by Lemma 2. Now combining (25), (26) and Lemma 3, we get for every λ with |λ| < 1,
Therefore using (27) and (24), we get
If in (28), we choose the argument of λ such that
Finally letting |λ| → 1 in (29), we obtain
To prove (21), we apply inequality (16) of Lemma 1 to the polynomial P (z) − mλz n k n , and get
for every real or complex number λ with |λ| < 1. Since by Lemma 2, we have |a n | > m k n , we can choose argument of λ such that |a n − mλ k n | = |a n | − m|λ| k n and with this choice of the argument of λ, we get from (30) that
Inequality (21) now follows by making |λ| → 1 in (31).
where A μ is defined as in Theorem 1. Proof. We have from inequality (21) of Lemma 4,
which implies,
which is equivalent to
from which inequality (32) follows.
Proof of the Theorem
Proof of Theorem 1. Since P (z) has all its zeros in |z| ≤ k ≤ 1, it follows by Lemma 4 that
Equivalently,
which implies
Now using (33) and (34), we get for every real or complex number β with |β| ≤ 1, which completes the proof of Theorem 2.
